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1. Introduction
An arrangement of a ﬁnite set H of hyperplanes in Rm is a partition of Rm into relatively open
convex subsets or faces. Their dimensions are 0 through m, and the faces of dimension m are called
cells. If a set H of hyperplanes is in general position, (i.e. for |H|  m + 1, every m hyperplanes
intersects at a single point and no m+ 1 hyperplanes have a common point) then the arrangement of
H is simple. The number of cells in a simple arrangement of x hyperplanes in Rm is
(
x
m
)
+
(
x
m − 1
)
+ · · · +
(
x
0
)
,
see [9] or [7], Theorem 21.1.1. In this note we investigate the following question:
For given distinct dimensions m,n 2, how often can the numbers of cells in simple arrangements
in Rm and Rn , respectively, be equal?
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x
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=
(
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)
+ · · · +
(
y
1
)
(1)
in unknown integers x  m and y  n. In the special cases (m,n) ∈ {(3,2), (4,2)} one can solve
the corresponding diophantine equations by subroutine IntegralPoints and IntegralQuartic
Points of the program package MAGMA (see [3]), respectively. We have veriﬁed applying MAGMA
that all the solutions of (1) for n = 2 and m = 3,4 are (x, y) = (11,21), (45,174) and (4,5), (11,33),
respectively. For another diophantine problem concerning the cell-counting polynomials we refer
to [10].
Using a deep result from the modern theory of diophantine equations we prove
Theorem 1.1. If xm 3 and y  2 are solutions to the equation
(
x
m
)
+ · · · +
(
x
1
)
=
(
y
2
)
+
(
y
1
)
, (2)
then max(x, y) < c(m), where c(m) is an effectively computable constant depending only on m.
Applying Bilu–Tichy theorem (see Lemma 2.3) on the general separable diophantine equations, for
2 <m < n we give an ineffective ﬁniteness statement for the number of solutions x, y to Eq. (1).
Theorem 1.2. For ﬁxed integers m,n with 3m < n, Eq. (1) has only ﬁnitely many solutions in x and y.
A curiosity of the proof of this result, perhaps, is an application of Erdo˝s–Selfridge theorem (see
Lemma 2.4) in determination of the decomposition of cell-counting polynomials.
2. Auxiliary results
In 1968 Baker proved the following result on the solutions x and y of the so-called hyperelliptic
diophantine equation.
Lemma 2.1. Let f be a polynomial with rational coeﬃcients and suppose that it possesses at least three simple
zeros (in C). Then the equation f (x) = y2 in unknown integers x, y impliesmax(|x|, |y|) c1 , where c1 is an
effectively computable constant depending on the parameters of the polynomial f .
Proof. This is the main result in [1]. For further generalizations and improvements see [4] and [5]. 
The next technical lemma gives a lower bound for the number of the simple zeros of special
polynomials.
Lemma 2.2. Let k 6 be a positive integer and F (X) be an integer-valued polynomial with deg F (X) k− 1
and let G(X) ∈ Z[X]. Let p denote a prime for which 23k < p  k. If ak is an integer not divisible by p, then the
polynomial
ak
(
X
k
)
+ F (X) + G(X)
has at least
[ n
3
]+ 1 simple zeros.
Proof. The reader is referred to the main result of [11]. 
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sequel α and β are nonzero rational numbers, q, s and t are positive integers, r is a nonnegative
integer and v(X) ∈ Q[X] is a nonzero polynomial, which may be constant.
A standard pair of the ﬁrst kind is (Xq,αXr v(X)q) or switched, (αXr v(X)q, Xq) where 0 r < q,
(r,q) = 1 and r + deg v(X) > 0.
A standard pair of the second kind is (X2, (αX2 + β)v(X)2) (or switched).
Denote by Ds(X,α) the sth Dickson polynomial, deﬁned by, for example, the explicit formula
Ds(X,α) =
[s/2]∑
i=0
s
s − i
(
s − i
i
)
(−α)i X s−2i .
A standard pair of the third kind is (Ds(X,αt), Dt(X,αs)), where gcd(s, t) = 1.
A standard pair of the fourth kind is (α−s/2Ds(X,α),−β−t/2Dt(X, β)), where gcd(s, t) = 2.
A standard pair of the ﬁfth kind is ((αX2 − 1)3,3X4 − 4X3) (or switched).
The proof of Theorem 1.2 is based on the next result.
Lemma 2.3. Let P (X), Q (X) ∈ Q[X] be nonconstant polynomials such that the equation P (x) = Q (y) has
inﬁnitely many solutions x, y ∈ Z. Then P = φ ◦ f ◦κ and Q = φ ◦ g ◦λ, where κ(X), λ(X) ∈ Q[X] are linear
polynomials, φ(X) ∈ Q[X] and ( f (X), g(X)) is a standard pair.
Proof. This is the main result of [2]. The proof relies, among other tools, on Siegel’s theorem about
integral points. This classical result is ineffective, so Theorem 1. 2 provides the ﬁniteness of the solu-
tions to (1), only. 
Finally, we cite here Erdo˝s–Selfridge theorem which states
Lemma 2.4. The product of two or more consecutive positive integers is never a perfect power.
Proof. For the proof we refer to [6]. 
3. Proof of the theorems
Proof of Theorem 1.1. We may suppose that m 5. If x and y are solutions of Eq. (2) then we obtain
8
((
x
m
)
+ · · · +
(
x
1
))
+ 1 = (2y + 1)2.
By Lemma 2.1, it is enough to guarantee that the polynomial on the left side has at least three simple
zeros. However, for m 6, this is an easy consequence of Lemma 2.2 and for m = 5 one can check by
MAPLE (see [8]) that the discriminant of the corresponding polynomial is a nonzero rational number,
i.e. every zero of it is simple. 
Proof of Theorem 1.2. The strategy of the proof is to show that fm(X) =
(X
m
)+ · · · + (X1) and fn(X)
cannot be transformed into φ ◦ f ◦ κ and φ ◦ g ◦ λ, where φ,κ,λ, f , g are as in Lemma 2.3, or,
equivalently we come to a contradiction assuming that
fm(aX + b) = φ ◦ f (X), fn(a˜X + b˜) = φ ◦ g(X), (3)
where ( f , g) is a standard pair, φ(X) ∈ Q[X] and a, a˜,b, b˜ are rational numbers with aa˜ = 0.
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is a well-known fact that
X(X − 1) · · · (X −m + 1) =
m∑
k=0
(−1)m−ksmk Xk,
where smk denotes the Stirling numbers of ﬁrst kind with parameters m and k. The relations
smm = 1, smm−1 =
(
m
2
)
, smm−2 =
3m − 1
4
(
m
3
)
, smm−3 =
(
m
4
)(
m
2
)
yield
fm(X) =
(
X
m
)
+ · · · +
(
X
1
)
=
m∑
k=0
Ck X
k,
where
Cm = 1
m! , Cm−1 =
3−m
2(m − 1)! , Cm−2 =
3m2 − 19m + 50
24(m − 2)! ,
and
Cm−3 = −m
3 + 10m2 − 53m + 144
48(m − 3)! .
After a straightforward calculation we obtain fm(aX + b) =∑mk=0 ck Xk , with
cm = a
m
m! , cm−1 =
am−1(2b −m + 3)
2(m − 1)! ,
cm−2 = a
m−2(3m2 −m(12b + 19) + 12b2 + 36b + 50)
24(m − 2)! ,
and
cm−3 = a
m−3(−m3 + (6b + 10)m2 − (12b2 + 38b + 53)m + 8b3 + 36b2 + 100b + 144)
48(m − 3)! .
One can deduce some similar formulas for the coeﬃcients c˜n, . . . , c˜0 of the polynomial fn(a˜X + b˜).
Now, we suppose (3) and prove that k = degφ(X) = 1. Indeed, relations (3) imply that the ratio
of the leading coeﬃcients of fm(aX + b) and fn(a˜X + b˜) is a kth power in Q. On the other hand,
this ratio is ama˜−nn!/m!. Since m = k · deg f and n = k · deg g are divisible by k, then the number
n!/m! = n(n− 1) · · · (n−m+ 1) is a kth power in Z. Lemma 2.4 implies that k = 1 or k 2,n =m+ 1.
However, in the second case, 2 k  gcd(m,n) = 1 and we have a contradiction. Since 2 < m < n, a
direct consequence of this argument is that the standard pair ( f , g) cannot be of the second or ﬁfth
kind. The ﬁrst part is clear, in the second part we get m = 4, c2 = 0 and thus 6b2 − 6b+ 11 = 0 which
is impossible for b ∈ Q. If f , g is a standard pair of the ﬁrst kind, then fm(aX + b) = e1Xm + e0 or
fn(a˜X + b˜) = e1Xn + e0, where e1, e0 ∈ Q. Without loss of generality we assume the ﬁrst relation, and
thus cm−1 = cm−2 = 0. The ﬁrst equality yields b = (m− 3)/2 and on substituting this value into cm−2
we obtain cm−2 = − am−2(m−23)24(m−2)! , that is m = 23,b = 10. Then we have c20 = a20/20! = 0, which is a
contradiction for a = 0.
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c˜n−1 = c˜n−3 = 0, (n 4). As in the previous case we get b˜ = (n − 3)/2 and for c˜n−3,
c˜n−3 = a˜
n−3
(n − 3)! = 0.
This contradiction completes the proof. 
Remark. In fact, we also proved the ﬁniteness of the solutions x and y to the general diophantine
equation
(
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)
+
(
x
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+
(
x
m − 2
)
+
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)
+ f1(x)
=
(
y
n
)
+
(
y
n − 1
)
+
(
y
n − 2
)
+
(
y
n − 3
)
+ f2(y),
where m,n ﬁxed rational integers with m,n 4, f1(X), f2(X) ∈ Q[X] are integer-valued polynomials
of degree at most m − 4 and n − 4, respectively.
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